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Simulated data

3

Data was simulated under the following LegacyNet experiments: 

At each site, 6 species were selected from 3 functional groups (2 grasses, 2 legumes, and 2 herbs; denoted G1, G2, L1, 
L2, H1, H2) for use in a simplex design. 

It comprises 33 unique communities of systematically varying sown proportions of each of 6 species. There were 
monocultures of each of the 6 species, and mixture plots with 2, 3, 4, or 6 species at a moderate N level. Additionally, 
5 replicated plots of the G1 monoculture were managed at a high N level. This design comprised 52 plot at each site 
(O’Malley et al., 2026).

This data was simulated for 20 sites, Yield presents annual dry matter yield for each plot (no repeat measurements).



Raw data exploration
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Raw data exploration
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What are the trends among sites?
Any extreme values?



Raw data exploration
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Strong between-site variability is visible.

Yield increases with richness at most sites.



Raw data exploration at site level
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The key question is whether diversity effects are consistent across all sites.
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Raw data exploration

Follow the steps in SS8. Lab sheet 0
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L2

• Fit DI models using site as a blocking factor (𝛾𝑘).
• Which DI structure gives the best fit?
• Does theta estimation improve model fit?
• Use AICc to compare model. 

Fixed-effects DI model

DI_AV<- DI(

    y = "Yield",

    prop = 

c("G1","G2","L1","L2","H1","H2", "N"),

    DImodel = "AV",

block = "site",

estimate_theta = TRUE,

    data = data)

Example (AV model with theta estimation):
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𝑦𝑘𝑙 =  

𝑖=1

6

𝛽𝑖𝑃𝑖𝑘𝑙 +  

𝑖<𝑗

𝛿𝑖𝑗(𝑃𝑖𝑘𝑙𝑃𝑗𝑘𝑙)
𝜃 + 𝛼𝑋𝑘𝑙 + 𝛾𝑘𝑆𝑖𝑡𝑒𝑘𝑙 + 𝜖𝑘𝑙

𝑦𝑘𝑙: response in plot l at site k (k = 1,…., 20),
𝑃𝑖𝑘𝑙  and 𝑃𝑗𝑘𝑙: sown proportion of species i and j in plot l at site k,

𝑋𝑘𝑙: dummy variable for high-N grass plots,
𝑆𝑖𝑡𝑒𝑘𝑙: factors for sites, and 𝜖𝑘𝑙~𝑁 0, 𝜎2 . 
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Fixed-effects DI model

DI_AV<- DI(

    y = "Yield",

    prop = 

c("G1","G2","L1","L2","H1","H2", "N"),

    DImodel = "AV",

block = "site",

estimate_theta = TRUE,

    data = data)

Example (AV model with theta estimation):

Follow the steps in SS8. Lab sheet 1(a)
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Fixed-effects DI model
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• This model assumes all sites share the same trend but 
different additive effects by sites.

• Is it realistic from an ecological perspective?
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• Use ”DI” or “lm” function to 
allow each effect varying in each site.

• Which DI structure gives the best fit?
• Do interaction terms improve model fit?
• Use AICc to compare model. 

Fixed-effects DI model
DI_AV_inter<- DI(

    y = "Yield",

    prop = 

c("G1","G2","L1","L2","H1","H2", "N"),

    custom_formula = Yield ~ 0 + 

(G1+G2+L1+L2+H1+H2+N+AV):site,

    data = data)

Example (AV model):
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AV_inter <- lm(Yield ~ 0 + 

(G1+G2+L1+L2+H1+H2+N+AV):site, 

data = data)

Or

• What if diversity effects themselves vary 
among sites?

𝑦𝑘𝑙 =  

𝑖=1

6

𝛽𝑖𝑃𝑖𝑘𝑙 +  

𝑖<𝑗

𝛿𝑖𝑗(𝑃𝑖𝑘𝑙𝑃𝑗𝑘𝑙)
𝜃 + 𝛼𝑋𝑘𝑙 × 𝛾𝑘𝑆𝑖𝑡𝑒𝑘𝑙 + 𝜖𝑘𝑙

𝑦𝑘𝑙: response in plot l at site k (k = 1,…., 20),
𝑃𝑖𝑘𝑙  and 𝑃𝑗𝑘𝑙: sown proportion of species i and j in plot l at site k,

𝑋𝑘𝑙: dummy variable for high-N grass plots,
𝑆𝑖𝑡𝑒𝑘𝑙: factors for sites, and 𝜖𝑘𝑙~𝑁 0, 𝜎2 . 
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Fixed-effects DI model
DI_AV_inter<- DI(

    y = "Yield",

    prop = 

c("G1","G2","L1","L2","H1","H2", "N"),

    custom_formula = Yield ~ 0 + 

(G1+G2+L1+L2+H1+H2+N+AV):site,

    data = data)

Example (AV model):

Follow the steps in SS8. Lab sheet 1(b)

Note: Use “DI_data” function to create interaction terms 
with estimated theta and include them in the dataset. 
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AV_inter <- lm(Yield ~ 0 + 

(G1+G2+L1+L2+H1+H2+N+AV):site, 

data = data)

Or

newlist <- DI_data(prop = c("G1", "G2", "L1", "L2", "H1", "H2"), 

                   FG = c("G", "G", "L", "L", "H", "H"), 

                   data = data, theta = estimated theta,
                   what = c("AV","FG"))

data <-  data.frame(data, "AV" = newlist$AV, newlist$FG)
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Results
For example:
FG model across sites will have: (6 identity + 6 FG interactions 
+ 1 high N) × 20 sites = 260 parameters.

This greatly increases model complexity and parameter count.

⋯
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Every site can now have:
different species identity effects,
different interaction effects,
different high N plot effects.
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Predictions

(A) Sites are block effects (B) Sites interact with all effects
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This improves flexibility, but may overfit the data.
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Fixed effects: 260 parameters

Site-specific fixed-effects models become parameter-
heavy and difficult to generalise conclusions.

From site-specific fixed effects to random coefficients

Use random coefficients

1. Overall mean effect plus site variation
supports broader multi-site inference with fewer 
parameter required.
2. Experimental design, assuming sites selected 
random from all possible sites.
3. Provide generalised inference for new sites.

16



DI model with random coefficients equation

17

𝑦𝑘𝑙 =  

𝑖=1

6

(𝛽𝑖 + 𝑏𝑖𝑘)𝑃𝑖𝑘𝑙 +  

𝑖<𝑗

(𝛿𝑖𝑗+𝑑𝑖𝑗𝑘)(𝑃𝑖𝑘𝑙𝑃𝑗𝑘𝑙)
𝜃 + (𝛼 + 𝑎𝑘)𝑋𝑘𝑙 + 𝜖𝑘𝑙

(𝑏1𝑘 ⋯ 𝑏6𝑘 𝑑12𝑘 ⋯ 𝑑56𝑘  𝛼𝑘)𝑇~𝑀𝑉𝑁 𝟎, 𝐆 , and 𝜖𝑘𝑙~ 𝑁 0, 𝜎𝑘
2

Identity effects Interaction effects Additional 
treatments

𝐆 =

𝜎𝑏1
2 ⋯ 𝜎𝑏1𝑏6 𝜎𝑏1𝑑12 ⋯ 𝜎𝑏1𝑑56 𝜎𝑏1𝛼

⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮
𝜎𝑏1𝑏6 ⋯ 𝜎𝑏6

2 𝜎𝑏6𝑑12 ⋮ 𝜎𝑏6𝑑56 𝜎𝑏6𝛼

𝜎𝑏1𝑑12 ⋯ 𝜎𝑏6𝑑12 𝜎𝑑12
2 ⋮ 𝜎𝑑12𝑑56 𝜎𝑑12𝛼

⋮ ⋯ ⋮ ⋮ ⋱ ⋮ ⋮
𝜎𝑏1𝑑56 ⋯ 𝜎𝑏6𝑑56 𝜎𝑑12𝑑56 ⋮ 𝜎𝑑56

2 𝜎𝑑56𝛼

𝜎𝑏1𝛼 ⋯ 𝜎𝑏6𝛼 𝜎𝑑12𝛼 ⋯ 𝜎𝑑56𝛼 𝜎𝛼
2

(𝑏1𝑘 ⋯ 𝑏6𝑘 𝑑12𝑘 ⋯ 𝑑56𝑘  𝛼𝑘)𝑇 =

𝑏1𝑘

⋮
𝑏6𝑘

𝑑12𝑘

⋮
𝑑56𝑘

𝛼𝑘

22×1
22×22



• DI model with random coefficients

Alternative random coefficients include:

1. Variance-covariance components and 
structures (Diagonal, Unstructured, etc.).

2. Residual variances can be assumed to be 
consistent or vary by sites.

lme(

Yield ~ 0 + G1 + G2 + L1 + L2 + H1 + H2 + N + AV, 

random = list(site = pdDiag(~ 0 + G1 + G2 + L1 + 

L2 + H1 + H2 + N + AV)),

weight = varIdent(form = ~ 1 | site),

data = data,

method = "REML",

control = lmeControl(opt = "optim"))

18

• Fixed effects = overall biodiversity pattern
• Random effects = site-to-site deviations
• Residual structure = within-site variability

Example (AV model with diagonal var-cov random-effects 
structure, allowing sites have different residual variances):



Variance-covariance matrix

19

𝐆 =

𝜎𝑏1
2 ⋯ 𝜎𝑏1𝑏6 𝜎𝑏1𝑑12 ⋯ 𝜎𝑏1𝑑56 𝜎𝑏1𝛼

⋮ ⋱ ⋮ ⋮ ⋮ ⋮ ⋮
𝜎𝑏1𝑏6 ⋯ 𝜎𝑏6

2 𝜎𝑏6𝑑12 ⋮ 𝜎𝑏6𝑑56 𝜎𝑏6𝛼

𝜎𝑏1𝑑12 ⋯ 𝜎𝑏6𝑑12 𝜎𝑑12
2 ⋮ 𝜎𝑑12𝑑56 𝜎𝑑12𝛼

⋮ ⋯ ⋮ ⋮ ⋱ ⋮ ⋮
𝜎𝑏1𝑑56 ⋯ 𝜎𝑏6𝑑56 𝜎𝑑12𝑑56 ⋮ 𝜎𝑑56

2 𝜎𝑑56𝛼

𝜎𝑏1𝛼 ⋯ 𝜎𝑏6𝛼 𝜎𝑑12𝛼 ⋯ 𝜎𝑑56𝛼 𝜎𝛼
2

𝐆 =

𝜎𝑏1
2 0 ⋯ ⋯ ⋯ ⋯ 0
0 ⋱ ⋮ ⋮ ⋮ ⋮ ⋮
⋮ ⋯ 𝜎𝑏6

2 ⋮ ⋮ ⋮ ⋮

⋮ ⋯ ⋮ 𝜎𝑑12
2 ⋮ ⋮ ⋮

⋮ ⋯ ⋮ ⋮ ⋱ ⋮ ⋮
⋮ ⋯ ⋮ ⋮ ⋮ 𝜎𝑑56

2 0

0 ⋯ ⋯ ⋯ ⋯ 0 𝜎𝛼
2

𝐆 =

𝜎𝑏
2 𝜎𝑑 ⋯ ⋯ ⋯ ⋯ 𝜎𝑑

𝜎𝑑 ⋱ ⋮ ⋮ ⋮ ⋮ ⋮

⋮ ⋯ 𝜎𝑏
2 ⋮ ⋮ ⋮ ⋮

⋮ ⋯ ⋮ 𝜎𝑏
2 ⋮ ⋮ ⋮

⋮ ⋯ ⋮ ⋮ ⋱ ⋮ ⋮
⋮ ⋯ ⋮ ⋮ ⋮ 𝜎𝑏

2 𝜎𝑑

𝜎𝑑 ⋯ ⋯ ⋯ ⋯ 𝜎𝑑 𝜎𝑏
2

Diagonal matrix: 
(pdDiag)

Compound symmetry matrix:
(pdCompSymm)

Unstructured:  
(pdSymm)



DI model with random coefficients

Note: Fit mixed models with the consistent fixed effects using 

REML and compare alternative random-effects structures using 

AICc.

lme(

Yield ~ 0 + G1 + G2 + L1 + L2 + H1 + H2 + N + AV, 

random = list(site = pdDiag(~ 0 + G1 + G2 + L1 + 

L2 + H1 + H2 + N + AV)),

weight = varIdent(form = ~ 1 | site),

data = data,

method = "REML",

control = lmeControl(opt = "optim"))

Follow the steps in SS8. Lab sheet 2(a)
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Example (AV model with diagoal var-cov random effect 
structure, allowing sites have different residual variances):

  Warning: Unstructured matrix might take a long time to 

run

Variance-covariance matrix:
1. Diagonal matrix(pdDiag)
2. Compound symmetry(pdCompSymm)
3. Unstructured matrix(pdSymm)



lme(

Yield ~ 0 + G1 + G2 + L1 + L2 + H1 + H2 + N + AV, 

random = list(site = pdDiag(~ 0 + G1 + G2 + L1 + 

L2 + H1 + H2 + N + AV)),

weight = varIdent(form = ~ 1 | site),

data = data,

method = "ML",

control = lmeControl(opt = "optim"))

Re-check fixed effects in the random-coefficients model

The preferred DI structure may change 
once between-site random coefficients 
are modelled explicitly.

DI model with random coefficients

21

Example (AV model with diagonal var-cov random effect 
structure, allowing sites have different residual variances):



Note: Fit mixed models with the consistent random effects using 

ML and compare alternative fixed effects using AICc.

lme(

Yield ~ 0 + G1 + G2 + L1 + L2 + H1 + H2 + N + AV, 

random = list(site = pdDiag(~ 0 + G1 + G2 + L1 + L2 

+ H1 + H2 + N + AV)),

weight = varIdent(form = ~ 1 | site),

data = data,

method = "ML",

control = lmeControl(opt = "optim"))

Follow the steps in SS8. Lab sheet 2(b)

DI model with random coefficients

22

Example (AV model with diagonal var-cov random effect 
structure, allowing sites have different residual variances):



Model diagnostics

The final selected model should be refit by REML before diagnostics and interpretation.
Diagnostics are part of modelling, not optional.

lme(Yield ~ 0 + G1 + G2 + L1 + L2 + 

H1 + H2 + N + bfg_G_H + bfg_G_L + 

bfg_H_L + wfg_G + wfg_H + wfg_L, 

random = list(site = pdSymm(~ 0 + G1 

+ G2 + L1 + L2 + H1 + H2 + N + AV)),

weight = varIdent(form = ~ 1 | site),

data = data,

method = "REML",

control = lmeControl(opt = "optim"))

Selected model example (FG model with 
unstructured random effect structure, allowing 
sites have different residual variances): 

23



Model predictions

Predictions represent the average responses across 
all sites after accounting for site-level variation.

24



Model predictions

25

By modelling site-level variability 
explicitly, mixed-effects models 
improve generalisability and 
reduce overfitting compared with 
site-specific fixed-effects models.



Interpreting and reporting the final model
Random standard deviation between sites:

Residual variance within each site:

26



Interpreting and reporting the final model

27

Larger variances correspond to wider effects variation 
across sites in fixed-effects models. E.g. L1, L2, and N.



Interpreting and reporting the final model
Residual variance within each site:

28

Sites with points tightly clustered around the red line should have small residual variance. 

Sites with points widely scattered around the red line should have large residual variance.



SS8. Lab sheet
 
2. Identify the best mixed-effects model

(a) Compare random-effects and residual variance structures
(b) Refit and compare fixed effects in mixed models 
(c) Model diagnostics
(d) Interpret results and visualisation

29
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   𝛾 k )


   y  k l =  ∑  i = 1 6   𝛽 i  P  i k l +  ∑  i < j       𝛿  i j ( P  i k l  P  j k l ) 𝜃 + 𝛼  X  k l +    𝛾 k S i t e  k l +  𝜖  k l


   y  k l


   P  i k l


   P  j k l


   X  k l


    S i t e  k l


   𝜖  k l ~ N  (  0 ,    𝜎 2 ) .  


   y  k l =  (   ∑  i = 1 6   𝛽 i  P  i k l +  ∑  i < j       𝛿  i j ( P  i k l  P  j k l ) 𝜃 + 𝛼  X  k l ) ×      𝛾 k S i t e  k l +  𝜖  k l


   y  k l


   P  i k l


   P  j k l


   X  k l


    S i t e  k l


   𝜖  k l ~ N  (  0 ,    𝜎 2 ) .  


  ×


  ⋯


   y  k l =  ∑  i = 1 6  (  𝛽 i +  b  i k )  P  i k l +  ∑  i < j        ( 𝛿  i j +  d  i j k ) ( P  i k l  P  j k l ) 𝜃 + ( 𝛼 +  a k )  X  k l +  𝜖  k l


  (  b  1 k ⋯  b  6 k    d  12 k ⋯  d  56 k    𝛼 k  ) T ~ M V N  (  𝟎 , 𝐆 )


   𝜖  k l ~


  N  (  0 ,    𝜎 k 2 )


  𝐆 =  [      𝜎  b 1 2  ⋯   𝜎  b 1 b 6   𝜎  b 1 d 12  ⋯   𝜎  b 1 d 56   𝜎  b 1 𝛼   ⋮  ⋱  ⋮  ⋮  ⋮  ⋮  ⋮    𝜎  b 1 b 6  ⋯   𝜎  b 6 2   𝜎  b 6 d 12  ⋮   𝜎  b 6 d 56   𝜎  b 6 𝛼    𝜎  b 1 d 12  ⋯   𝜎  b 6 d 12   𝜎  d 12 2  ⋮   𝜎  d 12 d 56   𝜎  d 12 𝛼   ⋮  ⋯  ⋮  ⋮  ⋱  ⋮  ⋮    𝜎  b 1 d 56  ⋯   𝜎  b 6 d 56   𝜎  d 12 d 56  ⋮   𝜎  d 56 2   𝜎  d 56 𝛼    𝜎  b 1 𝛼  ⋯   𝜎  b 6 𝛼   𝜎  d 12 𝛼  ⋯   𝜎  d 56 𝛼   𝜎 𝛼 2 ]


  (  b  1 k ⋯  b  6 k    d  12 k ⋯  d  56 k    𝛼 k  ) T =    [      b  1 k   ⋮    b  6 k    d  12 k   ⋮    d  56 k    𝛼 k ]


  × 1


  × 22


  𝐆 =  [      𝜎  b 1 2  ⋯   𝜎  b 1 b 6   𝜎  b 1 d 12  ⋯   𝜎  b 1 d 56   𝜎  b 1 𝛼   ⋮  ⋱  ⋮  ⋮  ⋮  ⋮  ⋮    𝜎  b 1 b 6  ⋯   𝜎  b 6 2   𝜎  b 6 d 12  ⋮   𝜎  b 6 d 56   𝜎  b 6 𝛼    𝜎  b 1 d 12  ⋯   𝜎  b 6 d 12   𝜎  d 12 2  ⋮   𝜎  d 12 d 56   𝜎  d 12 𝛼   ⋮  ⋯  ⋮  ⋮  ⋱  ⋮  ⋮    𝜎  b 1 d 56  ⋯   𝜎  b 6 d 56   𝜎  d 12 d 56  ⋮   𝜎  d 56 2   𝜎  d 56 𝛼    𝜎  b 1 𝛼  ⋯   𝜎  b 6 𝛼   𝜎  d 12 𝛼  ⋯   𝜎  d 56 𝛼   𝜎 𝛼 2 ]


  𝐆 =  [      𝜎  b 1 2  0  ⋯  ⋯  ⋯  ⋯  0   0  ⋱  ⋮  ⋮  ⋮  ⋮  ⋮   ⋮  ⋯   𝜎  b 6 2  ⋮  ⋮  ⋮  ⋮   ⋮  ⋯  ⋮   𝜎  d 12 2  ⋮  ⋮  ⋮   ⋮  ⋯  ⋮  ⋮  ⋱  ⋮  ⋮   ⋮  ⋯  ⋮  ⋮  ⋮   𝜎  d 56 2  0   0  ⋯  ⋯  ⋯  ⋯  0   𝜎 𝛼 2 ]


  𝐆 =  [      𝜎 b 2   𝜎 d  ⋯  ⋯  ⋯  ⋯   𝜎 d    𝜎 d  ⋱  ⋮  ⋮  ⋮  ⋮  ⋮   ⋮  ⋯   𝜎 b 2  ⋮  ⋮  ⋮  ⋮   ⋮  ⋯  ⋮   𝜎 b 2  ⋮  ⋮  ⋮   ⋮  ⋯  ⋮  ⋮  ⋱  ⋮  ⋮   ⋮  ⋯  ⋮  ⋮  ⋮   𝜎 b 2   𝜎 d    𝜎 d  ⋯  ⋯  ⋯  ⋯   𝜎 d   𝜎 b 2 ]

